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Chapter 1: EXPANDING BRACKETS

|

!> To expand a single bracket, we multiply every term in the bracket by the number or the expression

on the outside:

Examples m
1) 3(x+2y) =3x+06y
2) @ = (-2)(2x) + (-2)(-3)

=-4x+6

To expand two brackets, we must multiply everything in the first bracket by everything in the
second bracket. We can do this in a variety of ways, including

* the smiley face method
* FOIL (Fronts Outers Inners Lasts)

* using a grid.

Examples:
1) (x+ 1+ 2 =xdx+ 2+ 1xt2)
or
(x+Dx+2) =x'+2+2x+x
\)‘/ =x% + 3x +2
or
{(x+1){x+2) =37 +2x+x+2
= x4 3x 42
2) (x-2)2x+3) = ,x'(%.x' 4+ 3) - 2(2x +3)
=2 +3x—-4x-6
=% - 5-6

o 7

(r-22x+3)=2%" -6+ 3x—4x=2% —x-6

L

or

(2x+3)(x-2) =2 +3x-4x-6
=2« 5+ B




EXERCISE A Exapnd the following brackets and simplify.

1. T(4x + 5)
2. B35~

3. Sa-4(3a-1)

4. 4y + (2 + 3y)

5 Ba-(x+4)

6. 5(2x- 1)~ (3x - 4)
7 {x+ 2)x+3)

& (1-5)t-2)

9. (2x + 3)(3x—4y)
10. 4(x-2)(x+3)

1. Q2y- )2y + 1)
12. (3 + 5x)(4 - x)

Two Special Cases

Perfect 5 juare: lefcrulce ofmo squares:

x- 13)(-'77)"7;)- J 4ha. -1’»’.\’} 9 (-)(\+ ’) =% —3

- =¥ -8
EXERCISE B Exapnd
1. (x - 1)2
2 (3x+5)°
3 (7x-2)

4. (x +2)(x-2)

n

(Bx -+ I)3x-1)

6. (5v-3)5v+3)



Chapter 2: LINEAR EQUATIONS

fWhen solving an equation, you must remember that whatever you do to one side must also be done

to the other. You are therefore allowed to

e add the same amount to both side

e subtract the same amount from each side

¢ multiply the whole of each side by the same amount
divide the whole of each side by the same amount.

If the equation has unknowns on both sides, you should collect all the letters onto the same side of
the equation.

If the equation contains brackets, you should start by expanding the brackets.

A Iinear equation is an equation that contains numbers and terms in x. A linear equation does not

contain any x” or x* terms.

Example 1: Solve the equation 64-3x=125

Solution: There are various ways to solve this equation. One approach is as follows:

Step 1: Add 3x to both sides (so that the x term is positive): 64=3x+25
Step 2: Subtract 25 from both sides: 39 =3x
13 =x

Step 3: Divide both sides by 3:

So the solution 1s x = 13. , -

Example 2: Solve ihc_equation 6x+7=5~2x. o R -

Solution:

Step 1: Begin by adding 2x to both sides E8x+7=5

(to ensure that the x terms are together on the same side)

Step 2: Subtract 7 from each side: 8x=-2 ’
Step 3: Divide each side by §: - x=-Y% N

Exercise A: Solve the following equations, showing each step in your working:

19 2) 5x=2=13 3) 11 —4x=35

tn

1) 2x +

4) 5= Tx=-9 5) 11 +3x=8-2x 6) Ix+2=4x-5




Tx =1 y—=1 v+l 2v+5
) ) e

5) =]3—2x
2 2 3 6
x—1 5x+3 5 10
7) 2x+ ——= 8) 2——=—-1
2 3 XX
FORMING EQUATIONS
Example 8: Find three consecutive numbers so that their sum is 96. -
Solution: Let the first number be n, then the second is n + 1 and the third is n + 2. |
Therefore ntn+1)y+(n+2)=96 '
In+3=96 ’
3n =93 |
n=131
So the numbers are 31, 32 and 33. B
Exercise D:
1) Find 3 consecutive even numbers so that their sum i1s 108.

The perimeter of a rectangle i1s 79 cm. One side 1s three times the length of the other. Form
an equation and hence find the length of each side.

]

Two girls have 72 photographs of celebrities between them. One gives 11 to the other and

finds that she now has half the number her friend has. _
Form an equation, letting » be the number of photographs one gir] had at the beginning.

Hence find how many cach has now.

(WS}
Nt



: x+1 x+2
Example 6: Solve the cquation T+ ' -
- 3

=2

Solution:
Step 1: Find the lowest common denominator:

Step 2: Multiply both sides by the [owest common denominator

Simplify the left hand side:

Multiply out the brackets:
5: Simplify the equation:
Subtract 13

Divide by 9:

The smallest number that both 4
and 5 divide into is 20.

20(x+1)  20(x+2) _

4 5

40

5 4

w(.r+l)+20(x+2)=
A .4

5(r+ 1) +4(x +2) = 40

40

Sx+5+4x+8=40

Ox+ 13 =40

v—2 3-5x

Example 7: Solve the equation x+- 7 Z
i J

Solution: The lowest number that 4 and 6 go into is 12
12(3-5x)
6

12x +3(x—2) =24-2(3 - 5x)

12x

L12x=2) 24

Simplify
12x+3x-6=24-6+10x
[5x-6=18+10x

Expand brackets
Simplity

Subtract 10x 5x-6=1I8
Add 6 5x =24
xr=438

. So we multiply every term by 12:

Divide by 5

Exercise C: Solve these equations

z 2
1) —(x+3)=35 7 ==

g 3

,- 2
B Lag=§-L 8 =

4 3 7




7x - ) —1 1 2y
5) “_..1 =]13—-x 6) :k — :} IR _iii
2 2 3 6
x - 5x+3 5 10
5 By R . N
2 3 xr x
FORMING EQUATIONS
— Examplavﬁiné. three conseeutive numbers so that their sum 1s 96. a W
Solution: Let the first number be », then the second is 7 + | and the third is n + 2. ;
Therefore n+t(n+1)+n+2)=96
3n+t3=96
3n=93
n=31
So the numbers are 31, 32 and 33. S

Exercise D:

1) Find 3 consecutive even numbers so that their sum is 108.
2) The perimeter of a rectangle 1s 79 em. One side is three times the length of the other. Form

an equation and hence find the length of each side.

Two girls have 72 photographs of celebrities between them. One gives |1 to the other and
finds that she now has half the number her triend has.
'orm an cquation, letting n be the number of photographs one girl had at the beginning.

Hence find how many each has now.

(%)
—



Chapter 3: SIMULTANEOUS EQUATIONS

x+2y=8 @ l

" An example of a pair of simultaneous equations is
Sx+y=11 @

In these equations, x and y stand for two numbers. We can solve these equations in order to find the
values of x and y by eliminating one of the letters from the equations.

In these equations it is simplest to eliminate y. We do this by making the coefficients of y the same
in both equations. This can be achieved by multiplying equation @ by 2, so that both equations

contain 2y:

3x+2y=38 @
10x + 2y =22 2x@=0
To eliminate the y terms, we subtract equation ® from equation @. We get: 7x= 14
le. x=2

To find y, we substitute x = 2 into one of the original equations. For example if we put it into @:
10+y=11
v=1
Therefore the solutionis x =2, y =1,

Remember: You can check your solutions by substituting both x and y into the onginal equations.

li,\ampl_c . Solve  2x+ tSpy=16 @ L e —1
x-dy=1 @ ,

Solution: We begin by getting the same number of x or v appearing in both equation. We can get |
20y 1n both equations 1f we multiply the top equation by 4 and the bottom equation by 3: I
Sx+20y=64 @ |
15x-200=5 @ l

As the SIGNS n front of 20y are DIFFERENT, we can eliminate the y terms from the equations by (

ADDING
23x=69 3+@ F

l.e. X =

| Substituting this into equation @ gives: l
|

6+5r=16
Sy=10 J
ot T y=2 |
The solution isx = 3, y = 2. ‘




Exercise:

Solve the pairs of simultancous equations in the following questions:

1) x+2y=17 2) r+3p=0
x+2y=9 3x+2y=-7
3) 3x-2vy=4 4) Ox—2y=25
2x+3y=-6 dx—-5p=17
3) da+3bh=22 6) Iipt3g=15

Sa—4b=43 2p+ 5 =14




Chapter 4: FACTORISING

Common factors

We can factorise some expressions by taking out a common factor.

ﬁxample 1:

Factorise 12x — 30

Solution: 6 1s a common factor to both 12 and 30. We can therefore factorise by taking 6
outside a bracket:
12x - 30 = 6(2x - 5)
Example 2;
Solution:
So we factorise by taking 2x outside a bracket.
| 6x° — 2xy = 2x(3x - y) S

—

Example 3:

Solution:

Example 4.

Solution:

=} . 3 9
Factorise 9xy" — 18x"y

9 1s a common factor to both 9 and 18.
The highest power of x that is present in both expressions is x°.
There is also a y present in both parts.
So we factorise by taking 91’y outside a bracket:

9,1‘3_1"2 —1 8_\'2‘1-’ = 93’2);(3{;’ -2) J

Factorise 6x° — 2xy
2 is a common factor to both 6 and 2. Both terms also contain an x,

Factorise 3x(2x — 1) — 4(2x — 1)

There i1s a common bracket as a factor. ’
So we factorise by taking (2x — 1) out as a factor. J

The expression factorises to (2x — 1)(3x — 4) )

Exercise A

Factorise each of the following

1 ) 3_\‘ ~+ Xy

2) 4y’ -2 xy

3 pg-pyg

4) 3pg - 9(/3

5) Y~

6) 8a’h’ -

2

Ox~

124°0

7) Syv=1)+3(y-1)



Factorising quadratics

Simple quadratics: Factorising quadratics of the form x* + hx +¢
The method is:

Step 1: Form two brackets (x ... )}x ... )
Step 2: Find two numbers that multiply to give ¢ and add to make b. These two numbers get

wrilten at the other end of the brackets.

Example 1: Factorise x* — Ox — 10,
Solution: We need to find two numbers that multiply to make -10 and add to make -9. These

numbers are -10 and 1.
Therefore % — 9x— 10 = (x—=10)(x + 1).

chnera] quadratics: Factorising quadratics of the form ax” + bx + ¢

The method is:

Step 1: Find two numbers that multiply together to make ac and add to make b.
Step 2: Split up the bx term using the numbers found in step 1.

Step 3: Factorise the front and back pair of expressions as fully as possible.

| Step 4: There should be a common bracket. Take this out as a common factor.

Example 2: Factorise 6x° + x— 12.
Solution: We need to find two numbers that multiply to make 6 ¥ -12 = -72 and add to make 1.

These two numbers are -8 and 9.

Therefore, 6 +x-12= 637 -8x +9x- 12

N

=2x(3x-4)+33x—-4) (the two brackets must be identical)

= (3x - 4)(2x + 3)

Difference of two squares: Factorising quadratics of the form 1 - ¢’

Remember that x* —a’ = (x + a)(x - a).

Therefore: ¥ =-9=x" -3 =(x+3)(x-3)
163" =25 =(2x)" =5 = (2x+ 5)(2x - 5)

Also notice that: 237 -8=2(x* —4) =2(x+ 4 (x—4)

and 3zt = 481}'2 =3x(x’ -1 6%°) = 3x(x+ 4y)(x - 41)

Factorising by pairing
We can factorise expressions like 2x* + xy — 2x - v using the method of factorising by painng:

2x' +xv~-2x—y =x(2x+3)— 1(2x + ) (factorise front and back pairs, ensuring both
brackets are identrcal)
=@2x+y)x-1)




Exercise B

[Factorise

1) 5 ~g—G

2) 5 4 bx~18

3) 2x? +5x42

4) 2x* —3x

5) ol Wt

6) 22 +17y + 21

7) 7_);3 —10y+3

%) 10x” +5x =30

9 437 =25

10) X =3x—xy+3y°
1) 4 =1%x 48

12) 16m° —81n°

13} 4)"': -9a’y

14) Blx+DP-2tx+11-10



Chapter 5: CHANGING THE SUBJECT OF A FORMULA

We can use algebra to change the subject of a formula. Rearranging a formula is similar to solving
an equation — we must do the same to both sides in order to keep the equation balanced.

(Example 1:  Make x the subject of the formula y = 4x + 3. 1
Solution: y=4x+3
Subtract 3 from both sides: y-3=4x
Divide both sides by 4; "V; ?

v—3

P . : . .
So x=-+ . 1s the same equation but with x the subject.

Example 2: Make x the subject of y =2 - 5x

Solution: Notice that in this formula the x term is negative.
yp=2-5x
Add 5x to both sides y+ Sx=2 (the x term 1s now positive)
Subtract y from both sides Sx=2-y
2—3
Y =—

Divide both sides by 5 X -

o

- L S(F-32) | .
Example 3:  The formula C = s =od 1s used to convert between © Fahrenheit and © Celsius.

We can rearrange to make /- the subject.

C= S(F"=32)
9
Multiply by 9 9C =5(F -32) (this removes the fraction)
Expand the brackets 9C =51 -160
Add 160 to both sides 9C +160 = 5F
by : 9C +160
Divide both sides by 5 — = F
3
; . ... 9C+160
Therefore the required rearrangement is F = ————— |
5
Exercise A
Make x the subject of each of these formulae:
X+ 5
1) y=7x-1 2) y=—
4
X 4(3x -5
3) 4,1-‘:_1—2 4) 1:—()’L )
3 9



Rearranging equations involving squares and square roots

e

Example 4: Make x the subject of x* + y? = n?

Solution:
Subtract y* from both sides:

Square root both sides:

any more.

2

3 9
XT 4Pt =w
; i 3 . .
xt=w'—y? (this isolates the term invalving x)

x =+t =P

Remember that you can have a positive or a negative square root. We cannot simplify the answer

Example 5: Make a the subject of the formula ¢ = %\/—Si_ﬁ
1

] i3
Solution: L
4N b
. 5
Multiply by 4 4t = }—a
1
. > Sa
Square both sides 1617 = -
1
Multiply by h: 160°h = 5a
. 167
Divide by 5: 6; P
Exercise B:
Make 7 the subject of each of the following
1 e T 2) B
32r 32r
| 1, [21
3) V==nt'h 4) P= \j -
5) Pa= M 0) r=a+bt’
g
15



More difficult examples

Sometimes the variable that we wish to make the subject occurs in more than one place in the
formula. In these questions, we collect the terms involving this variable on one side of the equation,

and we put the other terms on the opposite side.

Example 6: Make 7 the subject of the formula a — xt = b+ yt

a-—-xt=b+ yt

Solution:
Start by collecting all the t terms on the right hand side:
Add xt to both sides: a=>b+ yt+xt
Now put the terms without a 7 on the left hand side:
Subtract b from both sides: a—b=yt+at
Factorise the RHS: a-b=t(y+x)
Divide by (v + x): Linl 30
y+x
So the required equation is {= @b
y+x

. . [
Example 7: Make I/ the subject of the formula 7 - W = 7;{
]

Solution: This formula 1s complicated by the fractional term. We begin by removing the fraction:

2bT - 2bW =Wa
2bT =Wa+ 2010 (this collects the W's together)

2bT =W (a+2h)

Multiply by 24:
Add 251 to both sides:
Factorise the RHS:

. . . 267
Divide both sides by a + 2b: W=-——
a+2h
Exercise C
Make x the subject of these formulae:
1) ax+3=hx+c 2) 3(xta)=k(x-2)
o 2 -
3) p=tt 4) sy POy
Sx -2 a

16




Chapter 6: SOLVING QUADRATIC EQUATIONS

There are two methods that are commonly used for solvin

A quadratic equation has the form ax” + bx+¢=0.

g quadratic equations:
* factorising '

* the quadratic formula

Note that not all quadratic equations can be solved by factorising. The quadratic formula can
always be used however. -

Method 1: Factorising

Make sure that the equation is rearranged so that the right hand side is 0. It usually makes it easier
if the coefficient of x” is positive.

Example1: Solvex’-3x+2=0

Factorise x-Dx-2)=0
Either (x—1)=0or(x-2)=0
So the solutions arex=1 orx =2

Note: The individual values x = 1 and x = 2 are called the roots of the equation.

Example 2:  Solvex —2x=0

Factorise: Mx-2)=0
Eitherx=0o0r(x-2) =0

So x=0o0r x=2 -

Method 2: Using the formula

Recall that the roots of the quadratic equation ax” +bx + ¢ = 0 are given by the formula:

-bx b —dac

i=
2a
Example 3: Solve the equation 2x™ —5=7—3x
Solution: First we rearrange so that the right hand side is 0. We get 237 +3x-12=0
We can then tell thata=2,5=3 and ¢ =-12.
Substituting these into the quadratic formula gives:
T T e —
=313 -4x2x(-12) -3++105 . ! . :
= —_— = - (this is the surd form for the solutions)

= =
2x2 4
[f we have a calculator, we can evaluate these roots to gel: .

F = ]'El, or x= -3.31

17

—_—



EXERCISE

1) Use factorisation to solve the following equations:
2 2
a) X +3x+2=0 b) ¥ -3x-4=0

2) Find the roots of the following equations:

a) X +3x=0 b) F-4x=0

3) Solve the following equations either by factorising or by using the formula:

a) 6x° -5x-4=0 b) 8x' = 24x+10=0

4} Usc the formula to solve the following equations to 3 significant figures. Some of the equations
can’t he solved.

a) A9 =0 b) 6+ 3x = 8x°

¢) 47 x-7=0 d) X o3x+18=0

e) +4x+4=0



Chapter 7: INDICES

Basic rules of indices

»' means yx yx yxy.

There are 3 basic rules of indices:

4 is called the index (plural: indices), power or

exponent of y.

4 4 3
1) & X =g eg 3 =3 =3
2) am __:_an - am—n e-g- 38 x 3(\ = 3.:
man mn a2 2 ~ 1
3) (@") =a e.g 3] =3

Further examples

_))4 x 5_}.'3 = 5_];7
d4a’ x 6a° = 244"

20 x (—3»c'6 } =—6c°
, 244’ ;
2447 234 = 22 _ g4

3d-

(multiply the numbers and multiply the a’s)
(multiply the numbers and multiply the ¢’s)

(divide the numbers and divide the d terms i.c. by subtracting

the powers)

Exercise A

Simplify the following:

1) hx sk =
2) 3¢ x 2 =
3) bexbe' =

4) 20t x(ﬁ(m"J=

5) 8n' 220 =
6) dsd® =
/) (a' )2 =

8) (*(!4 )I =



More complex powers

VZero index:
Recall from GCSE that

a®=1.
This result is true for any non-zero number a.

0
Therefore 59 =1 (EJ =1 (*5.2304)0 =]

Negative powers
1

A power of -1 corresponds to the reciprocal of a number, i.e. a™' =—
a

i 3
Therefore 5=
5
gl I
025" ' =——=4
0.25
4" s N : . . .
= = = (you iind the reciprocal of a fraction by swapping the top and
bottom over)
= . . -n !
Ihis result can be extended to more general negative powers: a " = =
a

This means:

2
|

(£}
L
|

e | —
S——
"3
Il
e = ey
e
A=
S
—
I
7 SR ]
— | Ja
\_L_/'
i
—
(=}
|
|

:

R
Fractional powers:
Fractional powers correspond to roots:
2 3 ) 1/a 4
a'l =+a a't =3la a't =ia

In general:

a'lt = Q/;
Therefore:
g - 39~ 7 T 10000'* = 410000 =10

m |

A more general fractional power can be dealt with in the following way:  «” " = (""" )

So 4”:(&)‘:2" =8

36 las) V25 ) s 125

20



Exercise B:

Find the value of:

Iy 4%

o I ol

5 ()

4) e

5) 18°

6) 7"

7) 27°7

0 [2)
3,

9) 87"

10)  (0.04)"

v (3
27

2 1)
%) (?@,J



